A point particle of mass µ moving on a geodesic creates a perturbation h µ , of the spacetime metric g 0 , that diverges at the particle. Simple expressions are given for the singular µ/r part of h µ and its quadrupole distortion caused by the spacetime. Subtracting these from h µ leaves a remainder h R that is C 1 . The self-force on the particle from its own gravitational field corrects the worldline at O(µ) to be a geodesic of g 0 + h R . For the case that the particle is a small non-rotating black hole, an approximate solution to the Einstein equations is given with error of O(µ 2 ) as µ → 0.
µ , of the spacetime metric g 0 , that diverges at the particle. Simple expressions are given for the singular µ/r part of h µ and its quadrupole distortion caused by the spacetime. Subtracting these from h µ leaves a remainder h R that is C 1 . The self-force on the particle from its own gravitational field corrects the worldline at O(µ) to be a geodesic of g 0 + h R . For the case that the particle is a small non-rotating black hole, an approximate solution to the Einstein equations is given with error of O(µ 2 ) as µ → 0. Perturbation analysis provides one approach to understanding the self-force and radiation reaction in general relativity. This begins with a background spacetime metric g 0 which is a vacuum solution of the Einstein equations G ab (g 0 ) = 0. An object of small mass µ then disturbs the geometry by an amount h µ = O(µ) which is determined by the perturbed Einstein equations with the stress-energy tensor of the object being the source,
The superscript µ is a reminder that h µ is linear in µ. The linear differential operator E ab is defined by
which evaluates to [1] 2E
With a solution of Eq. (1) it follows that
An integrability condition for Eq. (1) results from the Bianchi identity for g 0 + h µ and requires that T be conserved in the background geometry up to O(µ 2 ). Formally, perturbation analysis at the second order is no more difficult than at the first. But the integrability condition for the second order equations is that T be conserved not in the background geometry, but in the first order perturbed geometry. Thus, before solving the second order equations, it is necessary to change the stressenergy tensor in a way which is dependent upon the first order metric perturbations. This correction to T is said to result from the "self-force" on the particle from its own gravitational field and includes the dissipative effects of what is often referred to as "radiation reaction" as well as other nonlinear aspects of general relativity.
To focus on those details of the self-force which are independent of the object's structure we restrict the object to be a point particle with no spin angular momentum or other internal structure. The integrability condition at the first order then implies that the worldline Γ of the particle is nearly a geodesic of g 0 , with an acceleration of only O(µ). But, the integrability condition at the second order presents a difficulty. The particle is to move along a geodesic of g 0 + h µ , but h µ scales as µ/r near the particle and is not differentiable on Γ.
Mino, et al. [2] and Quinn and Wald [3] resolve this difficulty with a Green's function approach to Eq. (1). The formal Hadamard expansion of the Green's function near the worldline of the particle identifies the "instantaneous" and "tail" parts of Alternatively, we resolve the difficulty by finding the source part of the metric perturbation h S , which consists of the singular µ/r part plus its quadrupole distortion caused by the background geometry. Eqs. (10)-(12) give a simple expression for h S . Then we show that the remainder, h R ≡ h µ − h S , is C 1 and, using matched asymptotic expansions, that the O(µ) effect of the selfforce adjusts the worldline of the particle to be a geodesic Γ of g 0 +h R . The consistency of our matched asymptotic expansions with those of Ref. [2] imply that h R must be equivalent to the "tail" part of the metric perturbation from the Green's function, up to a gauge transformation and terms of O(µr 2 ), which do not effect the O(µ) correction to the worldline.
The source field h S is best described with coordinates in which the background geometry looks as flat as possible near the geodesic Γ. A normal coordinate system, x a = (t, x, y, z), can be found [1] where, on Γ, the metric and its first derivatives match the Minkowski metric, and the coordinate t measures the proper time. Normal coordinates for a geodesic are not unique, and we use particular coordinates introduced by Thorne and Hartle [4] in their discussion of external multipole moments of a vacuum solution of the Einstein equations where
And, E and B are spatial, symmetric, tracefree and related to the Riemann tensor evaluated on Γ by E ij = R titj and B ij = i pq R pqjt /2; and, R is a representative length scale of the background geometry-the smallest of the radius of curvature, the scale of inhomogeneities, and the time scale for changes in curvature along Γ, then E ij and B q i are O(1/R 2 ); also (r, θ, φ) are defined in the usual way in terms of (x, y, z); the indices i, j, k, . . . are spatial and raised and lowered with δ ij .
If a small non-rotating black hole moves along Γ, then its geometry is perturbed by tidal forces,
with the boundary conditions that the perturbation be well behaved on the event horizon and that 2 h → 2 H in the buffer region [4] , where µ r R. Both 2 H and 2 h consist of = 2 tensor harmonics in the Regge-Wheeler gauge [5] ; the angular dependence is through 2 h is governed by a wave equation with a potential barrier. In the time independent limit this admits an analytic solution [5] 
which is well behaved on the event horizon and matches 2 H when µ r. See Ref. [6] for the case of a small black hole in the vicinity of a larger black hole.
Time dependence of 2 H induces a quadrupole moment on the black hole, but the resulting acceleration of the world line is smaller than O(µ/R 2 ). Generally, the timescale of 2 H is R and corresponds to a low frequency for the black hole, ωµ = O(µ/R) 1. And two independent solutions for the metric perturbation 2 h are standing waves very near r = 2µ but behave as r 2 and 1/r 3 , for µ r R. The proper solution is a traveling wave into the hole created by a linear combination of these two independent solutions having comparable magnitudes when r ≈ 2µ. Thus, for r µ this linear combination is approximately given by Eq. (9), which scales as r 2 , plus a 1/r 3 contribution from the induced quadrupole moment, I ab = O(µ 5 /R 2 ), stemming from the time dependence. This contribution to the quadrupole field couples to the background octupole field and accelerates the worldline [7] by ∼ E
which is too small to be important in this analysis.
In
pert which is linear in µ; and this part is the source field,
where
is the µ/r part of the Schwarzschild metric, and
is the µr/R 2 part of 2 h from Eq. (9). A split of h µ , from Eq. (1), into two pieces,
reveals just how accurately h S approximates h µ by consideration of the remainder h R . From Eq. (1)
And, direct evaluation shows that
for a point particle stress tensor, and the source of Eq. (14) is finite but not continuous at r = 0. This last result is understandable-in an expansion of E ab (h S ) in powers of µ and 1/R, all of the µ/R 2 terms would also appear in a similar expansion of E Schw ab ( 2 h). And this latter expansion is zero from the definition of 2 h. Thus, the source of Eq. (14) is O(µ/R 3 ) as r → 0. The solution of Eq. (14) for h R with reasonable boundary conditions is C 1 . If the metric is sufficiently differentiable and there are no unreasonable boundary conditions at large distances, then h R is differentiable away from the geodesic Γ. For if it were not, then the discontinuities in the derivatives would propagate along the characteristics of the hyperbolic operator E ab and would have originated either on Γ or on some boundary; we consider such discontinuities emanating from a boundary to be unreasonable boundary conditions. And, in a neighborhood of Γ the geometry can be smoothly mapped to flat spacetime with the operator E ab (in the Lorentz gauge) being smoothly mapped to the flat spacetime wave operator which, when integrated twice, smoothes a slowly changing and finite but discontinuous (on Γ) source into a C 2 as r → 0. The resulting h R would not be differentiable on the worldline, and some version of averaging around the particle would be required to make sense of the effects of the self-force. Thus, it is necessary to include 2 h µ as part of h S . Above, we mentioned that the worldline of a small particle through the background is a geodesic of g 0 +h R when the O(µ) corrections are included. We now justify this statement by replacing the particle with a small, nonrotating black hole and considering a sequence of metrics g(µ) which are solutions of the vacuum Einstein equations, and parameterized by µ with g(0) = g 0 . Our focus is on the O(µ) behaviors of g(µ) and the worldline in the limits µ → 0 and the worldline approaching Γ. Matching asymptotic expansions in the buffer region provides both the correction to the worldline as well as an approximation to g(µ), Eq. (19) below, which is uniformly valid with an error of O(µ 2 /R 2 ), as µ → 0. This matching relies upon a choice of coordinates similar to that of Eq. (5) but for the metric g 0 + h R being expanded about its geodesic Γ ; these "primed" normal coordinates differ from the original by O(µ). In this discussion of matching, r is now associated with Γ and the primed coordinates.
In the buffer region g(µ) is best described in a fashion introduced by Thorne and Hartle [4] as a sum of terms of positive powers of the small numbers µ/r and r/R,
where & means "and a term of the form . . ." In this tableau, part of any term can be moved diagonally, up and to the left, to be absorbed into a dominating term with the same r behavior.
Just outside the buffer region, where µ r < R, g(µ) is approximately the background geometry perturbed by µ. The top row of the tableau consists of the expansion of g 0 about Γ in powers of r/R along with some parts of a similar expansion of h R . The µ/R and µr/R 2 terms from h R are absorbed into the first two elements of the top row, which are then displayed as η and zero because the primed coordinates are normal. The r 2 /R 2 term of the tableau is set to 2 H , a tensor whose components in the primed coordinates are the same as those of 2 H in the original coordinates. The difference between 2 H and 2 H is of O(µr 2 /R 3 ) and is subtracted from the fourth term in the second row of the tableau. The rest of the first row consists precisely of the corresponding terms in the expansion of g 0 . And the remainder of the expansion of h R , from the µr 2 /R 3 term outward, contribute to the corresponding terms of the second row. Thus the entire first row along with the fourth and greater terms of the second row sums to g 0 + h R . Just inside the buffer region, where 2µ < r R, g(µ) is approximately the Schwarzschild geometry perturbed by background tidal forces. The first column of the tableau, containing no R, is an expansion of the Schwarzschild geometry in powers of µ/r. The second column, linear in 1/R, sums to a dipole perturbation of the Schwarzschild geometry. But, the top element of the second column is zero, so all elements of the second column are zero. The top term in the third column, 2 H , when added to the rest of the third column gives 2 h , the quadrupole perturbation of the black hole caused by tidal forces. Thus, the first three elements of the top row determine the entire first three columns of this tableau by the expansions of g Schw and 2 h in powers of µ/r. Now, g 0 + h R is an accurate approximation of g(µ) when µ r, and g Schw + 2 h is an accurate approximation when r R and with g Schw centered on Γ . These approximations overlap in the buffer region where 
